Blowing-up solutions for a nonlinear time-fractional system by Ahmed Alsaedi et al.
Bull. Math. Sci.
DOI 10.1007/s13373-016-0087-0
Blowing-up solutions for a nonlinear time-fractional
system
Ahmed Alsaedi1 · Bashir Ahmad1 · Mukhtar Bin Muhammad Kirane1 ·
Fatma S. K. Al Musalhi2 · Faris Alzahrani1
Received: 29 April 2016 / Revised: 12 June 2016 / Accepted: 14 June 2016
© The Author(s) 2016. This article is published with open access at Springerlink.com
Abstract A nonlinear system with different fractional derivative terms is considered.
The existence of positive blowing-up solutions is proved.
Keywords Fractional calculus · Blowing-up solutions · Blowing-up profile
Mathematics Subject Classification Primary 35R11; Secondary 35A01
Communicated by Neil Trudinger.










1 NAAM Research Group, Department of Mathematics, Faculty of Science, King Abdulaziz
University, P.O. Box 80203, Jeddah 21589, Saudi Arabia
2 Department of Mathematics and Statistics, Sultan Qaboos University, Alkhod Muscat, Oman
123
A. Alsaedi et al.
1 Introduction




u′(t) − Dαt (u − u(0))(t) = u p(t)vq(t), t > 0,
v′(t) − Dβt (v − v(0))(t) = ur (t)vs(t), t > 0,
u(0) = u0 > 0, v(0) = v0 > 0,
(1.1)
for u > 0, v > 0, where Dσt for 0 < σ < 1 (σ = α, β) stands for the Riemann-








(t−τ)σ dσ , p, q, r, s are positive real numbers to be fixed later. There are
a couple of physical motivations for considering the system (1.1). Firstly, the type of
nonlinearities in the system (1.1) appears in the systems describing processes of heat
diffusion and combustion in two component continua with nonlinear heat conduction
and volumetric release (ut − au = u pvq , vt − bu = urvs, the subscript t stands
for the time derivative, while  stands for the Laplacian operator) [6]. Secondly, as
suggested recently [2] one may take Dαt (u − u(0)) and Dβt (v − v(0)) instead of
u and v if the process takes place in a porous medium. To simplify the analysis
one may start by replacing (u−u(0)) and (v−v(0)) by (u−u(0)) and (v−v(0)),
respectively.
Before, we state our results, let us dwell a while on the existing literature. In [3], Furati




u′(t) + Dαt (u − u(0))(t) = vq(t), t > 0,
v′(t) + Dβt (v − v(0))(t) = ur (t), t > 0,
u(0) = u0 > 0, v(0) = v0 > 0,
(1.2)
for u > 0, v > 0 and 0 < α, β < 1. Then Kirane and Malik in [4] studied the profile




u′(t) = u p(t)vq(t), t > 0,
v′(t) = ur (t)vs(t), t > 0,
u(0) = u0 > 0, v(0) = v0 > 0,
(1.3)














, t > 0, (1.4)
where a1 = r + 1 − p, a2 = q + 1 − s. it can then be decoupled in













, t > 0. (1.6)
123
Blowing-up solutions for a nonlinear time-fractional system
From here, the occurrence of finite time blow-up in each component can be derived.
If, for example, a1 > 0, a2 > 0, then u blows-up whenever p + a1q/a2 > 1;
this inequality is equivalent to the condition −rq + (p − 1)(s − 1) > 0, which is
satisfied in this case (since p < 1 + r, s < 1 + q). Similarly, it can be checked that
if a1 > 0, a2 > 0, the second component v also blows-up in finite time. From the
identity (1.4) it follows that the blow-up times of u(t) and v(t) are the same.
A different situation arises when a1a2 < 0, for example, if a1 > 0, a2 < 0. In this
case C0 > 0, and since s > 1 + q > 1, v blows-up in finite time: v(t) → +∞
as t → T−0 < +∞. The component u(t) in this case remains bounded: u(t) →
(a1C0)1/a1, t → T−0 . In the case a1 < 0, a2 < 0, the constant C0 can be either sign.
For C0 = 0, both components of the solutions of equations (1.5) and (1.6) lead to
finite time blow-up. If C0 < 0, then u(t) blows-up, while v(t) remains bounded; if
C0 > 0 it is the other way around.
However, such a decoupling and analysis is not directly possible for system (1.1).
2 Results
As argued in [5], (1.1) admits a local solution (u, v) ∈ C1(0, Tmax ) × C1(0, Tmax ).
So,
Dαt (u − u0) = cDαt u,
Dβt (v − v0) = cDβt v,
where cDαt is the so-called Caputo fractional derivative defined, for a differentiable




(t − τ)σ dσ .
For the sequel, we need the following lemma.






















(t − s)α ds
≤ ϕ′(u)cDαt u.
Let us recall the Mittag–Leffler function




(α n + 1) , t > 0,
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> 0, t > 0.
The solutions of (1.1) satisfies the system of integral equations
u(t) = u0 +
∫ t
0
e1−α(t − τ)u p(τ )vq(τ )dτ, (2.1)
v(t) = v0 +
∫ t
0
e1−β(t − τ)ur (τ )vs(τ )dτ. (2.2)
It is clear then that u(t) ≥ u0, v(t) ≥ v0.
Now, we prove the positivity of u′ and v′. unionsq
Lemma 2.2 We have u′ > 0 and v′ > 0.




(t − τ)α−1 f (τ )dτ, t > 0, α ∈ R+.
As cDα f (t) = J 1−α f ′(t), we write the first equation of system (1.1) as:
u′(t) − J 1−αu′(t) = u p(t)vq(t),
or
(I − J 1−α)u′(t) = u p(t)vq(t),
where I is the identity operator; so, formally,
u′(t) = (I − J 1−α)−1u p(t)vq(t)




((1 − α)k) ∗ u
p(t)vq(t)
= u p(t)vq(t) +
∫ ∞
0
e′1−α(t − τ)u p(τ )vq(τ )dτ
where ∗ denotes convolution.We clearly have u′ > 0. Similarly, v′ > 0 can be proved.
As a first consequence, the solution (u, v) of system (1.1) satisfies the system of
inequalities {
u′ ≥ u pvq , u(0) = u0 > 0,
v′ ≥ urvs, v(0) = v0 > 0; (2.3)
so it is an upper solution of the system
{
u˜′ = u˜ p v˜q , u(0) = u0 > 0,
v˜′ = u˜r v˜s, v(0) = v0 > 0. (2.4)
Our first result is the following blow-up result concerning solutions to system (1.1). unionsq
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Theorem 2.3 We have the two results:
• If a1 = r +1− p > 0, a2 = q+1− s > 0 and p+ (r +1− p)q/(q+1− s) > 1,
then the solution (u, v) of system (1.1) blows-up in finite time.
• If C0 = 0, then the solution (u, v) of system (1.1) blows-up in finite time.
Proof The proof is based on the results above concerning system (1.3).
Before we state our next result, let us set ρ = r/(1 − p), γ = q/(1 − s), ρ′ =
r/(r −1+ p) (so ρ +ρ′ = ρρ′), γ ′ = s/(s −1+q) (so γ +γ ′ = γ γ ′). Our second
result is the following theorem. unionsq
Theorem 2.4 Let (u, v) be the solution of (1.1) associated to the initial condition
(u0, v0). If 0 < p < 1, 0 < s < 1, r > 1 − p, q > 1 − s, and if the condition
1 − 1
ργ
≤ β + α
γ
or 1 − 1
ργ
≤ α + β
ρ
, (2.5)
is satisfied, then (u, v) blows-up in a finite time.
Proof Multiplying the first equation of (1.1) by θuθ−1, we obtain
θuθ−1u pvq = θuθ−1u′ − θuθ−1Dαt (u − u0) = θuθ−1u′ − θuθ−1(cDαt u). (2.6)
Using Lemma 2.2 with ϕ(u) = uθ , we have
cDαt u
θ ≤ (θuθ−1)(cDαt u),
so,
−θuθ−1Dαt (u − u0) ≤ −cDαt uθ .
Whereupon,
θuθ+p−1vq ≤ (uθ )′ −c Dαt uθ . (2.7)
In a similar manner, multiplying the second equation of (1.1) by λvλ−1 and using
Lemma 2.1, we obtain
λurvs−1+λ ≤ (vλ)′ −c Dβt vλ. (2.8)










λ ≤ V ′ −c Dβt V . (2.10)
Let us choose
{
θ + p − 1 = 0 ⇔ θ = 1 − p,
λ + s − 1 = 0 ⇔ λ = 1 − s.
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Consequently, the system of Eqs. (2.9) and (2.10) can be written
θV γ ≤ U ′ −c Dαt U, (2.11)
λUρ ≤ V ′ −c Dβt V, (2.12)
where q/λ = γ, r/θ = ρ.






, t ≤ T, σ >> 1,
0, t ≥ T,




V γ ϕ(τ)dτ ≤
∫ T
0
U ′(τ )ϕ(τ)dτ −
∫ T
0













U (τ )ϕ′(τ )dτ
= −U (0) −
∫ T
0
U (τ )ϕ′(τ )dτ
≤ −U (0) +
∫ T
0











ρ (τ )|ϕ′(τ )| dτ,
and then using Holder’s inequality, we obtain the estimate
∫ T
0















where ρ′ + ρ = ρρ′.
Alike, we obtain the estimate
∫ T
0
(cDατ U (τ ))ϕ(τ) dτ =
∫ T
0































































Uρϕ + V (0) ≤
(∫ T
0
V γ ϕ dτ
) 1
γ
A(ϕ, γ ) +
(∫ T
0







Uρϕ dτ and J =
∫ T
0
V γ ϕ dτ, we have
θ J + U (0) ≤ I 1ρ
(
A(ϕ, ρ) + Bα(ϕ, ρ)
)
, (2.16)
λI + V (0) ≤ J 1γ
(
A(ϕ, γ ) + Bβ(ϕ, γ )
)
. (2.17)
Using I ≤ C J 1γ
(
A(ϕ, γ ) + Bβ(ϕ, γ )
)
in (2.16), we obtain
J + U (0) ≤ C J 1ργ
(
















A(ϕ, ρ) + Bα(ϕ, ρ)
)
. (2.18)
Similarly, we have J ≤ C I 1ρ
(
A(ϕ, ρ) + Bα(ϕ, ρ)
)
, and
I + V (0) ≤ C I 1ργ
(
























ϑ |cDαt |Tϕ|ρ˜dt = Cρ˜,αT 1−αρ˜, where ϑ is any exponent, we have:
B(ϕ, ρ) = CT
1−αρ′
ρ′ , A(ϕ, ρ) = CT
1−ρ′
ρ′ . (2.20)

































Assume by contradiction that the solution is global and bounded. Then, by letting








+ 1 − β < 0 ⇔ 1 − 1
ργ
≤ β + α
γ
.
Alike, similar estimates along J leads to a contradiction if
1 − 1
ργ
≤ α + β
ρ
.
The case for 1 − 1
ργ
= β + α
γ
or 1 − 1
ργ
= α + β
ρ
can be treated as in [4]. unionsq
3 Estimate of the blow-up time and profile of the solution
We consider only solutions under conditions of Theorem 2.4.
Without loss of generality, we assume that θ > λ ⇔ s > p. Then we have:
U ′ ≥ λV σ , σ = q
λ
> 1,
V ′ ≥ λU δ, δ r
ρ
> 1;
















V0 = V0. (3.2)
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Solutions of (3.1) and (3.2) are explicitly given by
∼
U (τ ) = ∼C1(
∼
Tmax − τ)− 1+δσδ−1
and
∼
V (τ ) = ∼C2(
∼


































U (t) ≥ C1(Tmax − t)− 1+δσδ−1















Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.
123
A. Alsaedi et al.
References
1. Gorenflo, R., Mainardi, F.: Fractional Calculus: Integral and Differential Equations of Fractional Order,
Fractals and Fractional Calculus in Continuum Mechanics, pp. 223–276. Springer, Vienna (1997)
2. Langlands, T.A.M., Henry, B.I., Wearne, S.L.: Fractional cable equation for anomalous electrodiffusion
in nerve cells: inffnite domain solutions. J. Math. Biol. 59, 761–808 (2009)
3. Furati, K.M., Kirane, M.: Necessary conditions for the existence of global solutions to systems of
fractional differential equations. Fract. Calc. Appl. Anal. 11(3), 280–298 (2008)
4. Kirane, M., Malik, S.: Profile of blowing-up solutions to a nonlinear system of fractional differential
equations. Nonlinear Anal. Theory Methods Appl. 73(12), 3723–3736 (2010)
5. Michalski,M.W.: Derivatives of Noninteger Order and their Applications. DissertationesMathematicae,
CCCXXVIII, Inst. Math. Polish Acad. Sci., Warsaw (1993)
6. Samarskii, A.A., Galaktionov, V., Kurdyumov, S.P., Mikhailov, A.P.: Blow-up in Quasilinear Parabolic
Equations. De Gruyter, Berlin, New York (1993)
123
